
Math 4650-Continuity



Refi Let DEIR
,

acD
,

and f : D-IR.

We say that f is continuous at a
-

-

if for every 270 there exists

80 so that if XeD and IX-akS

then If(x) -f(a)( < E
.

·-
raisinthedomin

of Aas

If AED and f is continuous

at all neA ,
then we say that

- is continuous on A .

-



To get an idea of what the above means

let's have an example in mind as we

go through the two scenarios.

-

keep this function in mind for the note below .

y = f(x)1

⑧
D = 7 0,

0]v54] ...f : D - I

f(x) = (xi+ X # is in pink)

-

Note : There are two cases for the definition

- of at a.

of continuity

case 1 : Suppose that a is a limit point of D.

-

Then we may
consider limf(x) .

x + a

Then by def
,

f is continuous
at a

if and only if

①Limf(x) exists

and ② Linf(x
= fal

Enab



-ace2 : Suppose a is not a limit point of D.

Then there exists 80 where

(a- S
,
a + 6) + D = Sa]

Then
,

if XED and
This kind of

Ix-als we have
point A is[that X = a

and so
called an

If(x) - f(a)) = If(a) - f(u) isolated
of DPoint

= <E -

for any 270.

So,
in this case

f is

Continuous
at X = a.

In our example

this happens

Fro154'5

(D is in red



Ex:

LetfiRtR be defined by f(x=

Let's show that f is continuous at a.

We need to show that for any 22 O

there exists 80 where if Ix-akS[ &
then Ix2-a21 < &

Let E70 .

Note that

(x al = (x - a)(x + a)
we will pick a starting↳bound on 8 to bound this↳term

Suppose Sl.bound

Suppose (x-alS = 1
.

Then,

|x + al = (x- a + a + a)

= (x - a + 2a)

[(x - a) + 12a)

<1 + 2(a)



This gives

|x= al = (x -a((x + al

< (x - a) - (1 + 2(a)

Let S = mindtal' 13 .

Then
,

S21 and Seital

Then if Ix-akS ,
we have

( x= a) < (x - al . (l + 2(a)
A

S
< S . ( 1 + 2(a))

since

S =OFrome 5als
· (1 + 2(a)

= E .

So
, if Ix-akS ,

then Ix*a2k

Thos
,

f(x) = X2 is continuous at any a cl.

=



# (Dirichlet's function - 1829)

Let f : /-IR be defined by

f(x) = 5 ! x is rationnal

Than f is not continuous
at any point in M.

ret: 1 + 21 - FlaT
--

Let aeIR and E = E ⑨

-----

el:suppose a
is ratora it -

f(x)

#ats
Given any

870, there

irrational
exists an

number
Xt(a-S,

a + 5)

making If(x) -f(a)) = 10 - 1) = 133

So f is not continuous
at a.

·
f(x)

case 2 : Suppose
a is irrational s-

Then flal = 0 .

Given any
830, there

rational
exists a

number
Xt(a-S,

a + 5)

making If(x) -f(all = 11-0) = 1E

~Metis not continuous
at a.



Theorem: Let DEIR and aED.

Let f : D- > RR and g : D -> M both

be continuous at a .

Let <El.

Then
,

af
,

f + g ,
f-g ,

and fy are

continuous at a.

(alto
,

then E is continuous
at a

t:

If a is not a limit point of D
,

then

all the above functions are continuous
at a

suppose
a is a limit point of D.

Then this theorem follows from theorems

on limits .

For example ,
since

f and g are continuous

at a we know limf(x
= fla and

lim g(x) = g(a).
X + a

Mus
, Yinf(xg(

=)= fall

So
,

fy is continuous at a

The other prouts are similar.-



Mergem: Let A
,
BER and f : A-IR

and g : B-RR be functions such that

the range
of is contained in B.

If f is continuous at some point at A

and g
is continuous

at fla)EB/

at a

then got : At R is continuous
I

B

A g(f(a))

·O
(90f)(a)

O-
of+ E70 .

Sincea
is continuous

at f(a) there exists

8 ,
30 where if yeB and ly-fla)kS ,

then 19(y) - g(f(a))) < d.

at a
there

exists

Sincef is continuous

820
where if xeA and Ix-akS

then If(x) - f(a)) < S ,

Since the range
of is contained in B,



we have that if XEA and

IX-akS ,
then f(x) EB and

If(x) - f(a)) > S ,
which will

give (g(f(x)) - g(f(a)))< S
.

Wegot is continuous at a.

DER and f : D-IR and atD.

Theorem : Let if and only if
-

Then f is continuous
at a

sequence
(Xe)

limf(x) = f(a) for every

n+ 0

contained in
D with Xn-a .

croot : It w #
I
-

-



Theorem (Intermediate value theorem
-

Let f be continuous on [a , b] where act.

If for some yel we have either

f(al < y < f(b) or flu) < y < f(u)

then there exists X with a < Xb and f(x) = Y.

=
will prove

it when flal <y < f(b).

The other case is similar .

Define

E =St) act = b and f(Aky)

Note that a ef since

f(b)*
a <a=b and flaky .

-------aif - So ,
E is not empty .

Since E is bounded above

-
by b we know x = sup(e)X

exists



From Hw1 We know that if AEB then

inf (B) [inf (A) [Sup(A) =Sup(BI .

Since EI [a , b] we know

a [inf(E)[sup(E)[b
=X = b

.

that a < X < b.

Next we
show

We know that y < f(b).

Since f is continuous at b
,

there

exists 80 so that if

t (a , b) and It-b1 < 8,

then If(A)-f(b))<by

positive
since y <f(b)

So
,
if b-8 < A- b

,
then

- (f(b) - 3) < f(t) - f(b) f(b) -y

that is if b-8A * b
,

then

y < f(t) < 2 +(b) -Y

So
,

if b-SCA-b , then y < f(A)
.



So
, f(t)

(b - 8
, b]1E = 4

Thus , o
X =b - S7b

.

So
,

X >b .

↑ similar computation gives a < X .

↳
We know f(a) < y

Since f is continuous at a there exists
S

80 Where if ast < a + S
,

then

If(t) - f(a)) < y - f(u)
.

That is
,

for a = Axa + S,

- (y - f(n)) < f(t) - f(u) < y - f(a)Eor
- y + 2f(a) < f(A) < Y

So
,

[a ,
a+ 8) <E

.

Thus Since X = sup(E) we

must have a < X.



Thus,b.

Next we will show that f(x) = y .

First we show that f(x1EY .

By the inf-sup theorem
,

since X = sup(E),

for each nEN there exists XnEE

such that X- < X. - X.

ItX
-

Yn

This gives vs a sequence (X1) contained in E

that converges to X

For every n
,

sincenet we know fixnky .

and X is

Since f is continuous
at X,

a limit point of EE[a,b] ,
we know

lim f(xn) = f(x) .

n + x

By HW 2 ,
since fixnlcy for all

and lim f(xul = f(x) We

n+ M

know that f(x) = liwf(x)



+() = y .

rule out the case f(x) < Y.

Now we

Suppose
f(x) < Y,

Then since f is continuous
at X

there
exists 20 where if

te[a,b) and It-X1<8 ,
then

(f(t) - f(x))<
positivef(x) <Y
since

assume

In the above we can f if

that S7b-X by shrinking I needed.

Thus ,
if x - S(t < X + S < b

s-xC

then - (y-f(x)) < f(t)-f(x))y - f(x)

So if X-SCA <X+ S
,

then -y + 2 f(x) ( f(t) < Y



1

But then

[ I(x- 6
,
x+S)[E y-

-

So for example x+ 8/2

T
x + -E

This contradicts
x = Sup(E) .

the fact that

f(x)sy is impossible
Hence

Therefore f(x) = y.

#

-



Theorem : Let f be continuous
-

on [a,
b] with a < b.

Thenf attains it's maximum

and minimum
values on [a ,

b].

That is
,

there exists (a,
b)

where
f(c)<, f(x) for all aexab

And there exists
de (a ,

3)

f(d)[f(x)
for all =Xb

where

-:



#roof:
We will prove

thatf attains its

maximum .

For the minimum,

repeat the proof with-f in

place of f.

Consider

S = [f(x))a = x = b]

Let's show
that S is bounded

from
above .

that it is not

Suppose

Then for each me I
there exists

XnE[a , b) with f(xe) R.

Since a Xueb for each n
we

bounded

yet that (Xn) is a

sequence .

By Bolzano-Weierstrass
there is

a convergent subsequence

Xn ,, Xa , Xray Xnyyoor



with n< ne < > < My ...

Suppose lim X ri= C ,

nk+ x

Since a EXneeb for all his

by HW 2 we get acb.

Since f is continuous at

We get f(c) = limf(x)
X + C

=
lim +(Xna)
Mit &

↑
HW4
its essentiallyEthe function-sequence

limit theorem

But this is a
contraction because

f(x)3nk for all R

and Mr-X .

So,inf(x)
does not exist



Therefore we must have that

S is bounded from above.

So
,

M = sup(s) exists .

By the inf-sup theorem,

for each me IN there exists

In with a <ym-b and

M- < f(em) -

> M.

Let < 0.

Pick N S .
t

.

Thus ,
lim flym) = M.

↑ E .

Then

m + x
if my N,

then

there
exists
[

Since (3m) is a
bounded Iflym)-M1

E

Sequence (yme) .

a convergent subsequence

Suppose Yme-d
.

Since a symeIb for all me we

know by HW2 that a deb .

Thus
,

by the continuity of t



f(d) = lim flyme M
.

↑ me + r

# #M

Since f(d) = M = sup(s) We know

f(d) > f(x) for all asX = b.

So f atthins its maximum

#-[a, b) at d.


